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   1. Abstract: 

               The study of existence the solution of  second order quadratic functional nonlinear 

inclusion in Banach algebras with existence the extremal solution of nonlinear quadratic functional 

differential inclusions. We also used some fixed point theorem. we discuss on basic concept needed 

for multivalued analysis and fixed point theory.Some examples are included in this paper.  

(AMS) subject classification: 26A33, 47H10, 34K09, 34A12, 26A33, 37C25, 54H25   

 2. Introduction  

 In the mathematical modelling, we have integral, differential inclusion phenomenon. Some included 

problem in economics, optimal control theory, game theory. Most of the natural and physical 

phenomena in the universe involve the decay or growth that is the change of state with respect to 

time period so such dynamical system in the universe governed by the nonlinear differential and 

integral inclusion.The useful application of integral inclusion arise in the system are governed by 

relay rheology, porous media, viscoelasticity, electrodynamics etc. Many mathematicians have 

contributed interest ing results mostly in the area of integral and differential inclusions. In the 

fractional calculus, we use nonlocal variables in fractional order inclusion has helped to improve the 

mathematical modelling of many real world problems. The study of all above mentioned works and 

mainly fixed point theorem or iterative methods. In this fixed-point method, which is powerful and 

effective tool. Some fixed-point theorems of single valued mapping in Banach spaces. The hybrid 

fixed point theorems for multivalued mappings are applicable to existence results under mixed 

Lipschitz, contraction and caratheodory condition. In this paper we shall converted differential 

inclusion with initial condition into fractional order quadratic functional nonlinear integral inclusions 

in Banach algebra the results have been obtained by applying hybrid fixed point theorem due to 

Dhages for two operators and three operators in Banach algebra and study of the extremal solution 

under certain monotonicity condition.  

statement of the problem:  

Consider fractional  order hybrid quadratic functional differential inclusion. 

                                               𝐷𝛼 (
𝑥(𝑡)−𝑥(0)

𝑔(𝑡,𝑥(𝜑2(𝑡)))
) ∈ 𝑓 (𝑡, 𝑥(𝜑1(𝑡)))            𝑡 ∈ 𝑅+     (1)            
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 Multivalued nonlocal such that the integral condition for first order x(0) = 0. Dα is Riemann 

derivative of α ∈ (0,1) ,f : R+ × R → P(R), g : R+ × R → R0 ϕ1,ϕ2 : R+ →R+ are two set valued 

mapping where P(R) denote family of nonempty subset of R.  

                                                             3. PRELIMINARIES  

In this section we collect notation, definitions, some remarks, hypothesis, and preliminary tool which 

will be needed for above problem.  

                                                  Fractional calculus[1,15,23]:  

Definition 3.1(23): 

The Riemann- Liouville fractional integral of order ζ > 0 of a continuous function  𝑓 ∈ 𝐿1[0, 𝑇] is 

defined by 

𝐼𝜉𝑓(𝑡) =
1

ℾ(𝜉)
∫ (𝑡 − 𝑠)𝜉−1

𝑡

0

𝑓(𝑠)𝑑𝑠 

 Provided the right-hand side is point-wise defined on 𝑅+ 

Definition 3.2(23): 

The Riemann-Liouville fractional derivative of order 𝜉 > 0 of the function 𝑔 ∈ 𝐿1[0, 𝑇] defined by, 

𝐷𝜉𝑔(𝑡) =
1

𝛤(𝑛 − 𝜉)
(

𝑑

𝑑𝑡
)

𝑛

∫ (𝑡 − 𝑠)𝑛−𝜉−1
𝑡

0

𝑔(𝑠)𝑑𝑠 

𝑛 − 1 < 𝜉 < 𝑛 

Where 𝛤 denotes the Euler gamma function. The Reimann-Liouville fractional derivative operator of 

order 𝜉 defined by 𝐷𝜉 =
𝑑𝜉

𝑑𝑡𝜉 =
𝑑

𝑑𝑡
∘ 𝐼1−𝜉 

Definition 3.3[20]:  

Let 𝑋 be a Banach space. A mapping 𝑇: 𝑋 ⟶ 𝑋 is called Lipschitz if there exists a constant 𝛼 > 0 

such that, ‖𝑇𝑥 − 𝑇𝑦‖ ≤ 𝛼‖𝑥 − 𝑦‖for all 𝑥, 𝑦 ∈ 𝑋. If 𝛼 < 1, then 𝑇 is called contraction on 𝑋 with 

the contraction constant 𝛼.  

 

Definition 3.4 [21]:  

Let 𝑋 be a Banach space. An operator 𝑇: 𝑋 ⟶ 𝑋 is called compact if for any bounded subset 𝑆 of 𝑋, 

𝑇(𝑆)is relatively compact subset of 𝑋. If 𝑇 is continuous and compact, then it is called completely 

continuous on 𝑋. 

Definition 3.5[22,25]: Let (𝑋, 𝑑) be the metric space and 𝑎 ∈ 𝑋 and for some real number 𝑟 > 0 

then the set ‖𝐵𝑟(𝑎)‖ = 𝑠𝑢𝑝{𝑥 ∈ 𝑋: 𝑑(𝑥, 𝑎) ≤ 𝑟} is called closed ball centered at 𝑎 with radius 𝑟.    

Definition 3.6[23,24]: The solution of inclusion is said to be locally attractive if there exists a closed 

ball 𝐵𝑟(𝑥0) in the space 𝐵𝐶(ℝ+, ℝ) for some 𝑥0 ∈ 𝐵𝐶(ℝ+, ℝ) and for real number  𝑟 > 0 such that 

for arbitrary solutions 𝑥 = 𝑥(𝑡) and 𝑦 = 𝑦(𝑡) of inclusion belonging to 𝐵𝑟(𝑥0) ∩ 𝐶 we have that 

lim
𝑡→∞

(𝑥(𝑡) − 𝑦(𝑡)) = 0. 

Theorem 3.1 [26]: (Arzela-Ascoli Theorem) A metric space X is compact if and only if every 

sequence in 𝑋 has a convergent subsequence. 

Theorem 3.2[26]:  

            If every uniformly bounded and equicontinuous sequence {𝑓𝓃} of functions in 𝐶(𝑅+, 𝑅), then 

it has a convergent subsequence. 

                           Multivalued Analysis (see [27,28,29,30,31]) 

http://www.irjmst.com/
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                 Let 𝑋 denote an ordered metric space with a metric 𝑑 and an ordered relation ≤. Then 𝑋 is 

an ordered topological space, where the topology on 𝑋 is induced by the metric 𝑑 on it. Let 𝒫(𝑋) 

and 𝒫𝑝(𝑋) denote, respectively, the class of all subsets and the class of all nonempty subsets of 𝑋 

with the property 𝑝. Thus, 𝒫𝑐𝑙(𝑋), 𝒫𝑏𝑑(𝑋), 𝒫𝑐𝑝(𝑋) and 𝒫𝑐𝑣(𝑋) denote respectively, the classes of all 

closed, bounded, compact and convex subsets of 𝑋. 

Definition 3.7 [19]:  

            A mapping 𝑄: 𝑋 ⟶ 𝒫𝑝(𝑋) is called a multivalued mapping or a multivalued operator on 𝑋 

and a point 𝑢 ∈ 𝑋 is called a fixed point of 𝑄 if 𝑢 ∈ 𝑄𝑢.   

Let (𝑋, ‖∙‖) be a norm space, 𝒫(𝑋) denote the set of all non-empty subsets of  𝑋. 

Let 𝒫𝑐𝑙(𝑋) = {𝑌 ∈ 𝒫(𝑋): 𝑌 𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑} 

𝒫𝑏𝑑(𝑋) = {𝑌 ∈ 𝒫(𝑋): 𝑌 𝑖𝑠 𝑏𝑜𝑢𝑛𝑑𝑒𝑑}, 

𝒫𝑐𝑝(𝑋) = {𝑌 ∈ 𝒫(𝑋): 𝑌 𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡},  

𝒫𝑐𝑣(𝑋) = {𝑌 ∈ 𝒫(𝑋): 𝑌 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑥} 

𝒫𝑐𝑝,𝑐𝑣(𝑋) = {𝑌 ∈ 𝒫(𝑋): 𝑌 𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 𝑎𝑛𝑑 𝑐𝑜𝑛𝑣𝑒𝑥}.  

Let𝑄: 𝑋 ⟶ 𝒫(𝑋) be a multivalued map. 

Definition 3.8 [30]:𝑄  is convex valued if 𝑄(𝑋) is convex for all 𝑥 ∈ 𝑋. 

Definition 3.9 [31]:𝑄  is bounded on bounded set if 𝑄(𝑌) = ⋃ 𝑄(𝑥)𝑥∈𝑌  is bounded in 𝑋 for all 𝑌 ∈

𝒫𝑏(𝑋), that is  𝑠𝑢𝑝𝑥∈𝑌{𝑠𝑢𝑝{|𝑦|: 𝑦 ∈ 𝑄(𝑥)}} < ∞. 

Definition 3.10 [31]:𝑄  is upper semi-continuous (u. s. c.) on 𝑋 if for each 𝑥0 ∈ 𝑋, the set 𝑄(𝑥0) is a 

closed subset of 𝑋, and if for each open set 𝑁 of  𝑋 containing 𝑄(𝑥0), there exists an open 

neighborhood 𝒩0 of 𝑥0 such that 𝑄(𝒩0) ⊂ 𝒩. 

Definition 3.11 [31]:𝑄 is compact if 𝑄(𝑋)̅̅ ̅̅ ̅̅ ̅ is a compact subset of 𝑋. 

Definition 3.12 [31]:𝑄 is totally bounded if for any bounded subset 𝑆 of 𝑋, 𝑄(𝑆) = ⋃ 𝑄𝑥𝑥∈𝑆  is 

totally bounded subset of 𝑋. 

We know that every compact multivalued operator is totally bounded, but the converse may not be 

true. However, the two notions are equivalent on a bounded subset of 𝑋. 

Definition 3.13 [30]:𝑄 is completely continuous if it is upper semicontinuous and compact 

multivalued operator on 𝑋. 

Definition 3.14 [31]:𝑄  is completely continuous if 𝑄(𝐵) is relatively compact for every 𝐵 ∈ 𝒫𝑏(𝑋) 

Definition 3.15 [31]:  

        If the multi-valued map 𝑄 is completely continuous with nonempty compact values, then, 𝑄 is 

u.s.c. if and only if 𝑄 has a closed graph, that is, 𝑥𝑛 → 𝑥∗, 𝑦𝑛 → 𝑦∗, 𝑦𝑛 ∈ 𝑄(𝑥𝑛) implies that 𝑦∗ ∈

𝑄(𝑥∗). 

Definition 3.16 [31]:The multi-valued map 𝑄 has fixed point if there is 𝑥 ∈ 𝑋 such that 𝑥 ∈ 𝑄(𝑥). 

The fixed-point set of 𝑄 will be denoted by 𝐹𝑖𝑥𝑄.  

Definition 3.17 [31]: The graph of a multivalued map 𝐺: 𝑋 ⟶ 𝒫(𝑌) is the set (𝐺) = {(𝑥, 𝑦) ∈ 𝑋 ×

𝑌, 𝑦 ∈ 𝐺(𝑥)} .  

Some Lemma’s and theorems are used in sequel. 

Lemma 3.1 [30]:  

              If 𝐺: 𝑋 ⟶ 𝒫𝑐𝑙(𝑌) is u.s.c., then 𝐺𝑟(𝐺) is a closed subset of 𝑋 × 𝑌 that is, for every 

sequence {𝑥𝑛}𝑛∈ℕ ⊂ 𝑋 and {𝑦𝑛}𝑛∈ℕ ⊂ 𝑌 , if when 𝑛 ⟶ ∞, 𝑥𝑛 ⟶ 𝑥∗, 𝑦𝑛 ⟶ 𝑦∗ and 𝑦𝑛 ∈ 𝐺(𝑥𝑛) , 
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then 𝑦∗ ∈ 𝐺(𝑥∗). Conversely, if 𝐺 is completely continuous and has a closed graph then it is upper 

semi-continuous. 

Lemma 3.2 [21]:Let 𝑋 be a Banach space. Let  𝐹: ℝ+ × ℝ → 𝒫𝑐𝑝,𝑐𝑣(𝑋) be an 𝐿1- Caratheodory 

multivalued map and let Θ be a linear continuous mapping from 𝐿1(ℝ+, 𝑋) to 𝐶(ℝ+, 𝑋). Then, the 

operator  Θ ∘ 𝑆𝐹: 𝐶(ℝ+, 𝑋) ⟶ 𝒫𝑐𝑝,𝑐𝑣(𝐶(ℝ+, 𝑋)), 𝑥 ⟼ (Θ ∘ 𝑆𝐹)(𝑥) = Θ(𝑆𝐹,𝑥) is a closed graph 

operator in 𝐶(ℝ+, 𝑋) × 𝐶(ℝ+, 𝑋). 

Theorem 3.3 [18]:  

               Let 𝑋 be a Banach algebra and let 𝒜, 𝒞: 𝑋 → 𝑋 be a single valued and ℬ: 𝑋 → 𝒫𝑐𝑝,𝑐𝑣(𝑋) be 

a multi-valued operatorsatisfying, 

a) 𝒜 and 𝒞  are single valued Lipschitz with Lipschitz constants 𝑞1 and 𝑞2 respectively. 

b) ℬ is compact and upper semi-continuous. 

c) 𝑀𝑞1 + 𝑞2 < 1 , where 𝑀 = ‖𝑈ℬ(𝑋)‖ 

   Then either 

I.  The operator inclusion 𝑥 ∈ 𝒜𝑥ℬ𝑥 + 𝒞𝑥 , has a solution, or 

II. The set 𝜀 = {𝑢 ∈ 𝑋, 𝜇𝑢 ∈ 𝒜𝑢ℬ𝑢 , 𝜇 > 1} is unbounded. 

 

                                               4 Existence theory 

Let ℝ denote the real line. Given ℝ+ is nonnegative real number in ℝ. We have the solution of 

inclusions in the space 𝐵𝐶(ℝ+, ℝ) of bounded and continuous real valued functions defined on  

ℝ+. Define a norm ‖. ‖ and a multiplication “.” in  𝐵𝐶(ℝ+, ℝ) by  

‖𝑥‖ = 𝑠𝑢𝑝𝑡∈ℝ+|𝑥(𝑡)| 

and          (𝑥. 𝑦)(𝑡) = (𝑥𝑦)(𝑡) = 𝑥(𝑡)𝑦(𝑡) , 𝑡 ∈ ℝ+    for all 𝑥, 𝑦 ∈  𝐵𝐶(ℝ+, ℝ).  

Then 𝐵𝐶(ℝ+, ℝ) is Banach algebra w. r. t. to the above norm and multiplication in it.  

By 𝐿1(ℝ+, ℝ) we denote the space of Lebesgue-integrable function on ℝ+ with the norm ‖. ‖𝐿1 

defined by ‖𝑥‖𝐿1 = ∫ |𝑥(𝑡)|𝑑𝑡
𝑡

0
 

Definition 4.1 [20]:A multivalued map 𝐹: ℝ+ × ℝ → 𝒫(ℝ) is said to be Caratheodory if 

(i) 𝑡 ↦ 𝐹(𝑡, 𝑥) is measurable for each 𝑥 ∈ ℝ ; 

(ii) 𝑥 ↦ 𝐹(𝑡, 𝑥) is upper semicontinuous for almost all 𝑡 ∈ ℝ+ ; 

 Further a Caratheodory function 𝐹 is called 𝐿1-Caratheodory if, 

(iii) For each real number 𝑟 > 0 there exists a function ℎ𝑟 ∈ 𝐿1(ℝ+, ℝ) such that ‖𝐹(𝑡, 𝑥)‖ =

𝑠𝑢𝑝{|𝑣|: 𝑣 ∈ 𝐹(𝑡, 𝑥)} ≤ ℎ𝑟(𝑡) a. e. 𝑡 ∈ ℝ+ for all 𝑥 ∈ ℝ with ‖𝑥‖ ≤ 𝑟 

Finally, a Caratheodory function 𝐹 is called 𝐿𝑋
1  -Caratheodory if, 

(iv) There exists a function ℎ ∈ 𝐿1(ℝ+, ℝ) such that ‖𝐹(𝑡, 𝑥)‖ = 𝑠𝑢𝑝{|𝑣|: 𝑣 ∈ 𝐹(𝑡, 𝑥)} ≤

ℎ(𝑡) a. e. 𝑡 ∈ ℝ+ for all 𝑥 ∈ ℝ.  

 

Definition 4.2 [30,31]:  

For each ∈ ℝ , define the set of selections of 𝐹 by 

𝑆𝐹,𝑥 ≔ {𝑣 ∈ 𝐿1(ℝ+, ℝ): 𝑣(𝑡) ∈ 𝐹(𝑡, 𝑥(𝑡)) 𝑓𝑜𝑟 𝑎. 𝑒. 𝑡 ∈ ℝ+} 

Lemma  4.1:-  

If 𝑓 ∈ 𝐿1(𝑅+, 𝑅) if and only if x is a solution of the second order quadratic functional nonlinear 

differential inclusion. 

http://www.irjmst.com/
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𝑑2

𝑑𝑡2 (
𝑥(𝑡)−𝑥(0)

𝑔(𝑡,𝑥(𝜑2(𝑡)))
) ∈ 𝑓 (𝑡, 𝑥(𝜑1(𝑡)))                     𝑡 ∈ 𝑅+                     

𝑥(𝑡) ∈ 𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ∫ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))
𝑡

0

𝑡

0

𝑑𝑠  𝑑𝑠                   (2) 

Proof: consider the given differential inclusion is 

                                              
𝑑2

𝑑𝑡2
(

𝑥(𝑡)−𝑥(0)

𝑔(𝑡,𝑥(𝜑2(𝑡)))
) ∈ 𝑓 (𝑡, 𝑥(𝜑1(𝑡)))                     𝑡 ∈ 𝑅+                     

Taking integration from 0 to t we have , 

∫   
𝑑2

𝑑𝑡2
(

𝑥(𝑡) − 𝑥(0)

𝑔 (𝑡, 𝑥(𝜑2(𝑡)))
) ∈ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠      

𝑡

0

𝑡

0

 

𝑑

𝑑𝑡
(

𝑥(𝑡) − 𝑥(0)

𝑔 (𝑡, 𝑥(𝜑2(𝑡)))
) ∈ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠      

𝑡

0

 

Again integrate from 0 to t we have, 

∫
𝑑

𝑑𝑡

𝑡

0

(
𝑥(𝑡) − 𝑥(0)

𝑔 (𝑡, 𝑥(𝜑2(𝑡)))
) ∈ ∫ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 𝑑𝑠

𝑡

0

𝑡

0

 

𝑥(𝑡) − 𝑥(0)

𝑔 (𝑡, 𝑥(𝜑2(𝑡)))
∈ ∫ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 𝑑𝑠

𝑡

0

𝑡

0

 

𝑥(𝑡) − 𝑥(0) ∈  𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ∫ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 𝑑𝑠
𝑡

0

𝑡

0

 

𝑥(𝑡) − 𝑥(0) ∈  𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ∫ (𝑡 − 𝑠)
𝑡

0

 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 

With the condition 𝑥(0) = 0 we have , 

𝑥(𝑡) ∈  𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ∫ (𝑡 − 𝑠)
𝑡

0

 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 

Conversely suppose that, 

𝑥(𝑡) ∈  𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ∫ (𝑡 − 𝑠)
𝑡

0

 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 

𝑥(𝑡) − 0 ∈  𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ∫ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 𝑑𝑠
𝑡

0

𝑡

0

 

With initial condition   𝑥(0) = 0 we have, 

𝑥(𝑡) − 𝑥(0) ∈  𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ∫ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 𝑑𝑠
𝑡

0

𝑡

0

 

𝑥(𝑡) − 𝑥(0)

𝑔 (𝑡, 𝑥(𝜑2(𝑡)))
∈ ∫ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 𝑑𝑠

𝑡

0

𝑡

0

 

Now differentiate with respect to t we have, 

𝑑

𝑑𝑡
(

𝑥(𝑡) − 𝑥(0)

𝑔 (𝑡, 𝑥(𝜑2(𝑡)))
) ∈

𝑑

𝑑𝑡
∫ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠 𝑑𝑠     

𝑡

0

𝑡

0
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𝑑

𝑑𝑡
(

𝑥(𝑡) − 𝑥(0)

𝑔 (𝑡, 𝑥(𝜑2(𝑡)))
) ∈ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠      

𝑡

0

 

Again differentiate with respect to t we have, 

𝑑2

𝑑𝑡2
(

𝑥(𝑡) − 𝑥(0)

𝑔 (𝑡, 𝑥(𝜑2(𝑡)))
) ∈  

𝑑

𝑑𝑡
∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))  𝑑𝑠      

𝑡

0

 

                                           
𝑑2

𝑑𝑡2
(

𝑥(𝑡)−𝑥(0)

𝑔(𝑡,𝑥(𝜑2(𝑡)))
) ∈  𝑓 (𝑡, 𝑥(𝜑1(𝑡)))  𝑑𝑡         , 𝑡 ∈ 𝑅+ 

With condition 𝑥(0) = 0. 

                                                         5.  Main results 

5.1 Existence and locally attractive solution of Second order quadratic Functional Nonlinear 

Integral Inclusion 

Definition 5.1.1: A function 𝑥 ∈ 𝐶(ℝ+, ℝ)  is said to be a solution of second order quadratic 

functional nonlinear integral inclusion (4.1) if it satisfies, 

𝑥(𝑡) = 𝑔 (𝑡, 𝑥(𝜑2(𝑡))) (∫ ∫ 𝑓 (𝑠, 𝑥(𝜑1(𝑠)))
𝑡

0

𝑑𝑠

𝑡

0

 𝑑𝑠) 

for some 𝑓 ∈ 𝐿1(ℝ+, ℝ) with 𝑓 ∈ 𝐹 (𝑡, 𝑥(𝜑1(𝑡))) a. e. 𝑡 ∈ ℝ+.  

Remark 4.1: 

∫ 𝑓(𝑡)𝑑𝑡𝑛

𝑡

0

= ∫
(𝑡 − 𝑠)𝑛−1

(𝑛 − 1)!
𝑓(𝑠)𝑑𝑠

𝑡

0

 

                       Using above equation  becomes            

𝑥(𝑡) = 𝑔 (𝑡, 𝑥(𝜑2(𝑡))) (∫(𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠

𝑡

0

) 

We require the following hypothesis for existence of solution of second order quadratic functional 

nonlinear integral inclusion (2).  

(H5) The function 𝑔: ℝ+ × ℝ ⟶ ℝ\{0} is continuous and there exists a bounded function  𝜑 with 

bound   ‖𝜑‖ such that 𝜑(𝑡) > 0 a. e. 𝑡 ∈ ℝ+ and 

|𝑔(𝑡, 𝑥) − 𝑔(𝑡, 𝑦)| ≤ 𝜑(𝑡)|𝑥(𝜑2(𝑡)) − 𝑦(𝜑2(𝑡))|  a. e. 𝑡 ∈ ℝ+ and ∀𝑥, 𝑦 ∈ ℝ. 

(H6) The multivalued map 𝐹: ℝ+ × ℝ ⟶ 𝒫(ℝ) is 𝐿1- Caratheodory  and has non-empty compact 

and convex values such that, there exists a continuous function ℎ ∈ 𝐶(ℝ+, ℝ) with 

‖𝐹 (𝑡, 𝑥(𝜑1(𝑡)))‖ ≤ ℎ(𝑡) a. e. 𝑡 ∈ ℝ+ and ∀𝑥, 𝑦 ∈ ℝ.  

(H7) There exists a positive real number  𝑟2 such that, 

𝑟2 >
‖𝑔0‖

‖ℎ‖𝐿1

2

1 − ‖𝜑‖
‖ℎ‖𝐿1

2

                                        (3)                         

where 𝑔0 = 𝑠𝑢𝑝𝑡∈ℝ+|𝑔(𝑡, 0)| 
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(H8)The function 𝑣: ℝ+ → ℝ defined by formula 𝑣(𝑡) = ∫ (𝑡 − 𝑠)ℎ(𝑠)
𝑡

0
𝑑𝑠 is bounded on  ℝ+ and 

vanish at infinity, i.e. lim
𝑡→∞

𝑣(𝑡) = 0. 

Theorem 5.1.1: Assume that the hypothesis (H5) -(H8) hold then second order quadratic functional 

nonlinear integral inclusion has a solution on ℝ+provided that, 

                                                      ‖𝜑‖
‖ℎ‖

𝐿1

2
< 1

2⁄                         (4).                                                                    

Moreover, solution second order quadratic functional nonlinear integral inclusion are locally 

attractive on  ℝ+. 

Proof: Let 𝑋 = 𝐶(ℝ+, ℝ), transform the problem (2) into a fixed-point problem. Define two 

operators 𝒜: 𝑋 ⟶ 𝑋   and  ℬ: 𝑋 ⟶ 𝒫𝑐𝑝,𝑐𝑣(𝑋)  by, 

𝒜𝑥 = {𝑢 ∈ 𝑋 ∶ 𝑢(𝑡) = 𝑔 (𝑡, 𝑥(𝜑2(𝑡)))}           (5) 

ℬ𝑥 = {𝑢 ∈ 𝑋 ∶ 𝑢(𝑡) = ∫(𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠 𝑡 ∈ ℝ+ 𝑎𝑛𝑑 𝑓 ∈ 𝑆𝐹,𝑥

𝑡

0

}   (6) 

Then the second order quadratic functional nonlinear integral inclusion(4.1) is equivalent to operator 

inclusion 𝑥(𝑡) ∈ 𝒜𝑥(𝑡)ℬ𝑥(𝑡), 𝑡 ∈ ℝ+.  

We will show that the operators 𝒜 and ℬ satisfies all the assumptions of theorem (3.3). 

Step I:𝒜 is Lipschitz with Lipschitz constant  𝐾 = ‖𝜑‖. 

                   Let 𝑥, 𝑦 ∈ 𝑋 then by (H5) we have, 

|𝒜𝑥(𝑡) − 𝒜𝑦(𝑡)| = |𝑔 (𝑡, 𝑥(𝜑2(𝑡))) − 𝑔 (𝑡, 𝑦(𝜑2(𝑡)))| 

 

                           ≤ 𝜑(𝑡)|𝑥(𝜑2(𝑡)) − 𝑦(𝜑2(𝑡))| 

                                       For all 𝑡 ∈ ℝ+ taking supremum we have, 

‖𝒜𝑥 − 𝒜𝑦‖ ≤ ‖𝜑‖‖𝑥 − 𝑦‖ for all 𝑥, 𝑦 ∈ ℝ 

𝒜 is Lipschitz with Lipschitz constant ‖𝜑‖. 

Step II: The multivalued operator ℬ is compact and upper semi-continuous on 𝑋. 

To prove ℬ to be compact using Arzela Ascoli theorem, we must show that ℬ is uniformly bounded 

andequicontinuous. 

Claim I:ℬ maps bounded sets into bounded sets in 𝑋.  

          let 𝑆 be a bounded set in 𝑋  then ∃ 𝑟 > 0  such that ‖𝑥‖ ≤ 𝑟 for all 𝑥 ∈ 𝑆. 

For each 𝑢 ∈ ℬ𝑥 there exists a 𝑓 ∈ 𝑆𝐹,𝑥 such that, 

𝑢(𝑡) = ∫ (𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

 

                           For each 𝑡 ∈ ℝ+ by hypothesis (H6) we have  

|ℬ𝑥| = |𝑢(𝑡)| = |∫ (𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

| 

                          ≤ |∫ (𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

| 

   ≤
‖ℎ‖𝐿1

2
 

This implies that,  

http://www.irjmst.com/


IRJMST      Vol 17 Issue 7   [Year 2026]       ISSN  2250 – 1959    (0nline) 2348 – 9367 (Print) 

 International Research Journal of Management Science & Technology 
  http://www.irjmst.com Page 111  

‖𝑢‖ ≤
‖ℎ‖𝐿1

2
 

So ℬ𝑥 is uniformly bounded. 

Claim II:ℬ maps bounded sets into equicontinuous sets. 

Let 𝑆 be a bounded set and 𝑢 ∈ ℬ𝑥 for some  𝑥 ∈ 𝑆 then there exists a  𝑓 ∈ 𝑆𝐹,𝑥 such that, 

𝑢(𝑡) = ∫ (𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

 

Then for any 𝑡1, 𝑡2 ∈ ℝ+ we have  

|𝑢(𝑡1) − 𝑢(𝑡2)| = |∫ (𝑡1 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠
𝑡1

0

− ∫ (𝑡2 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠
𝑡2

0

| 

|𝑢(𝑡1) − 𝑢(𝑡2)| ≤
‖ℎ‖𝐿1

2
|(𝑡1)2 − (𝑡2)2| 

The right-hand side of the above inequality tends to zero as 𝑡1 ⟶ 𝑡2 independent of  𝑥  therefore by 

Arzela-Ascoli theorem ℬ is compact.  

Claim III:ℬ has a closed graph.    

Let {𝑥𝑛} be a sequence in 𝑋 such that 𝑥𝑛 ⟶ 𝑥∗. Let  {𝑢𝑛} be a sequence such that  𝑢𝑛 ∈ ℬ(𝑥𝑛) and 

𝑢𝑛 ⟶ 𝑢∗ we shall prove that 𝑢∗ ∈ ℬ(𝑥∗). Now since 𝑢𝑛 ∈ ℬ(𝑥𝑛)  then there exists a 𝑓𝑛 ∈ 𝑆𝐹,𝑥𝑛
 Such 

that, 

𝑢𝑛(𝑡) = ∫ (𝑡 − 𝑠)𝑓𝑛 (𝑠, 𝑥𝑛(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

     ,                  𝑡 ∈ ℝ+ 

     We must prove that there is a 𝑓∗ ∈ 𝑆𝐹,𝑥∗
 such that,  

𝑢∗(𝑡) = ∫ (𝑡 − 𝑠)𝑓∗ (𝑠, 𝑥∗(𝜑1(𝑠))) 𝑑𝑠 
𝑡

0

             ,         𝑡 ∈ ℝ+ 

    Consider a continuous linear operator Θ: 𝐿1(ℝ+, ℝ) ⟶ 𝐶(ℝ+, ℝ) defined by, 

Θ𝑓(𝑡) = ∫ (𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠
𝑡

0
 ,     𝑡 ∈ ℝ+ 

     Now, 

‖𝑢𝑛(𝑡) − 𝑢∗(𝑡)‖ = ‖∫ (𝑡 − 𝑠)𝑓𝑛 (𝑠, 𝑥𝑛(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

− (∫ (𝑡 − 𝑠)𝑓∗ (𝑠, 𝑥∗(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

)‖ 

‖∫ (𝑓𝑛 (𝑠, 𝑥𝑛(𝜑1(𝑠))) − 𝑓∗ (𝑠, 𝑥∗(𝜑1(𝑠)))) (𝑡 − 𝑠)𝑑𝑠
𝑡

0
‖ ⟶ 0       as  𝑛 ⟶ ∞ 

 From Lemma it follows that Θ ∘ 𝑆𝐹,𝑥 is a closed graph operator. Also, from the definition of Θ we 

have  

𝑢∗ ∈ Θ ∘ 𝑆𝐹,𝑥 

Since 𝑥𝑛 ⟶ 𝑥∗ , therefore we have  

𝑢∗(𝑡) = ∫ (𝑡 − 𝑠)𝑓∗ (𝑠, 𝑥∗(𝜑1(𝑠))) 𝑑𝑠
𝑡

0
         ,         𝑡 ∈ ℝ+ 

    Therefore  ℬ is an upper semi-continuous operator on  𝑋.  

Thus ℬ defines an upper semicontinuous and compact and hence is completely continuous multi-

valued operator on   𝑋. i. e. ℬ: 𝑋 ⟶ 𝒫𝑐𝑝(𝑋). 

Now, we will show that the operator ℬ has convex values.  let 𝑢1, 𝑢2 ∈ ℬ𝑥 then ∃ 𝑓1, 𝑓2 ∈ 𝑆𝐹,𝑥 such 

that, 
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𝑢𝑖(𝑡) = ∫ (𝑡 − 𝑠)𝑓𝑖 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

for 𝑖 = 1,2 

Now for any 𝜆 ∈ [0,1] we have, 

𝜆𝑢1(𝑡) + (1 − 𝜆)𝑢2(𝑡) = 

∫ (𝑡 − 𝑠)𝜆𝑓1 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠 
𝑡

0

+ ∫ (𝑡 − 𝑠)(1 − 𝜆)𝑓2 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

 

𝜆𝑢1(𝑡) + (1 − 𝜆)𝑢2(𝑡) = ∫ (𝑡 − 𝑠) (𝜆𝑓1 (𝑠, 𝑥(𝜑1(𝑠))) + (1 − 𝜆)𝑓2 (𝑠, 𝑥(𝜑1(𝑠)))) 𝑑𝑠
𝑡

0

 

Since, 𝐹 (𝑡, 𝑥(𝜑1(𝑡))) is convex. 

(𝜆𝑓1 (𝑠, 𝑥(𝜑1(𝑠))) + (1 − 𝜆)𝑓2 (𝑠, 𝑥(𝜑1(𝑠)))) ∈ 𝐹 (𝑡, 𝑥(𝜑1(𝑡)))  for all 𝑡 ∈ ℝ+ 

and so that  𝜆𝑢1 + (1 − 𝜆)𝑢2 ∈ ℬ𝑥 which proves the convexity of ℬ𝑥. 

Therefore, ℬ defines a multivalued operator ℬ: 𝑋 ⟶ 𝒫𝑐𝑣(𝑋).  

                                 Therefore, ℬ: 𝑋 ⟶ 𝒫𝑐𝑝,𝑐𝑣(𝑋) 

Step III: we will show that 2𝑀𝐾 < 1 

 By (H7). Since we have 

𝑀 = ‖ℬ(𝑋)‖ = 𝑠𝑢𝑝{|ℬ𝑥|; 𝑥 ∈ 𝑋} ≤
‖ℎ‖

𝐿1

2
       and       𝐾 = ‖𝜑‖ 

∴ 2𝑀𝐾 ≤ 2 [
‖ℎ‖𝐿1

2
‖𝜑‖] 

< 2 ×
1

2
 

< 1 

Thus, all the conditions of theorem (3.3) are satisfied hence conclusion I or conclusion II holds. We 

will show that conclusion II is not possible. 

𝜀 = {𝑢 ∈ 𝑋, 𝜇𝑢 ∈ 𝒜𝑢ℬ𝑢 , 𝜇 > 1} 

Let 𝑢 ∈ 𝜀 be arbitrary then we have for 𝜇 > 1. 𝜇𝑢 ∈ 𝒜𝑢(𝑡)ℬ𝑢(𝑡) 

Then there exists a 𝑓 ∈ 𝑆𝐹,𝑥 such that for any 𝜇 > 1 

𝑢(𝑡) = 𝜇−1 [𝑔 (𝑡, 𝑢(𝜑2(𝑡))) (∫ (𝑡 − 𝑠)𝑓 (𝑠, 𝑢(𝜑1(𝑠 ))) 𝑑𝑠
𝑡

0
)],       for  𝑡 ∈ ℝ+ 

|𝑢(𝑡)| ≤ |
1

𝜇
| |𝑔 (𝑡, 𝑢(𝜑2(𝑡)))| |(∫ (𝑡 − 𝑠)𝑓 (𝑠, 𝑢(𝜑1(𝑠))) 𝑑𝑠

𝑡

0

)| 

1

𝜇
< 1 

|𝑢(𝑡)| ≤ |𝑔 (𝑡, 𝑢(𝜑2(𝑡))) − 𝑔(𝑡, 0) + 𝑔(𝑡, 0)| {|∫ (𝑡 − 𝑠)𝑓 (𝑠, 𝑢(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

|} 

|𝑢(𝑡)| ≤ {|𝑔 (𝑡, 𝑢(𝜑2(𝑡))) − 𝑔(𝑡, 0)| + |𝑔(𝑡, 0)|} {|∫ (𝑡 − 𝑠)𝑓 (𝑠, 𝑢(𝜑1(𝑠))) 𝑑𝑠
𝑡

0

|} 

‖𝑢‖ ≤ [‖𝜑‖‖𝑢‖ + ‖𝑔0‖] [
‖ℎ‖𝐿1

2
] 

Where 𝑔0 = 𝑠𝑢𝑝𝑡∈ℝ+|𝑔(𝑡, 0)| 

‖𝑢‖ ≤ [‖𝜑‖
‖ℎ‖𝐿1

2
] ‖𝑢‖ + ‖𝑔0‖

‖ℎ‖𝐿1

2
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‖𝑢‖ − [‖𝜑‖
‖ℎ‖𝐿1

2
] ‖𝑢‖ ≤ ‖𝑔0‖

‖ℎ‖𝐿1

2
 

[1 − ‖𝜑‖
‖ℎ‖𝐿1

2
] ‖𝑢‖ ≤ ‖𝑔0‖

‖ℎ‖𝐿1

2
 

‖𝑢‖ ≤
‖𝑔0‖

‖ℎ‖𝐿1

2

1 − ‖𝜑‖
‖ℎ‖𝐿1

2

 

With ‖𝑢‖ = 𝑟2 

𝑟2 ≤
‖𝑔0‖

‖ℎ‖𝐿1

2

1 − ‖𝜑‖
‖ℎ‖𝐿1

2

 

Which implies that the set 𝜀 is bounded. Thus, conclusion II of theorem (3.3) does not hold. 

Therefore, conclusion I holds. Thus, the operator inclusion 𝑥(𝑡) ∈ 𝒜𝑥(𝑡)ℬ𝑥(𝑡) consequently 

problem (2) has a solution on ℝ+. 

Step IV:Finally, we show that the locally attractivity of the solution for second order quadratic 

functional nonlinear integral inclusion (4.1). Let 𝑥 and 𝑦 be two solutions of second order quadratic 

functional nonlinear integral inclusion (4.1) which is defined on ℝ+.  

Then we have, 

|𝑥(𝑡) − 𝑦(𝑡)| = |𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ∫(𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠

𝑡

0

− 𝑔 (𝑡, 𝑦(𝜑2(𝑡))) ∫(𝑡 − 𝑠)𝑓 (𝑠, 𝑦(𝜑1(𝑠))) 𝑑𝑠

𝑡

0

| 

                     ≤ |𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ∫(𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠

𝑡

0

|

+ |𝑔 (𝑡, 𝑦(𝜑2(𝑡))) ∫(𝑡 − 𝑠)𝑓 (𝑠, 𝑦(𝜑1(𝑠))) 𝑑𝑠

𝑡

0

| 

                    ≤ |𝑔 (𝑡, 𝑥(𝜑2(𝑡)))| ∫ |(𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠)))| 𝑑𝑠

𝑡

0

+ |𝑔 (𝑡, 𝑦(𝜑2(𝑡)))| ∫ |(𝑡 − 𝑠)𝑓 (𝑠, 𝑦(𝜑1(𝑠)))|

𝑡

0

𝑑𝑠 

                                         ≤ |𝑔 (𝑡, 𝑥(𝜑2(𝑡)))| ∫ ℎ(𝑠)𝑑𝑠

𝑡

0

+ |𝑔 (𝑡, 𝑦(𝜑2(𝑡)))| ∫ ℎ(𝑠)

𝑡

0

𝑑𝑠 

                   By hypothesis (H8) we have, 

≤
𝜑

2
𝑣(𝑡) +

𝜑

2
𝑣(𝑡) 

|𝑥(𝑡) − 𝑦(𝑡)| ≤ 𝜑𝑣(𝑡) 
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Since lim
𝑡→∞

𝑣(𝑡) = 0  for ∈ > 0 there is real number 𝑇 > 0 such that 𝑣(𝑡) <
∈

𝜑
 for all 𝑡 ≥ 𝑇 then 

above inequality is, 

|𝑥(𝑡) − 𝑦(𝑡)| < 𝜑
∈

𝜑
=∈ 

                                   Hence completes the proof. 

5.2 Existence the Extremal solutions of second order quadratic functional nonlinear inclusion 

(2) 

For existence the extremal solution of second order quadratic functional nonlinear integral inclusion 

(2) 

Definition 5.2.1[5]: A function 𝑎 ∈ 𝐶(ℝ+, ℝ) is called lower solution of second  order quadratic 

functional nonlinear integral inclusion (2) if, 

𝑎(𝑡) ≤ 𝑔 (𝑡, 𝑎(𝜑2(𝑡))) (∫(𝑡 − 𝑠)𝑣(𝑠)𝑑𝑠

𝑡

0

)                                      (2.1) 

For all 𝑣 ∈ 𝐿1(ℝ+, ℝ) such that 𝑣(𝑡) ∈ 𝐹 (𝑡, 𝑎(𝜑1(𝑡))) almost everywhere for 𝑡 ∈ ℝ.  

Definition 5.2.2[5]: A function 𝑏 ∈ 𝐶(ℝ+, ℝ) is called upper solution of second order quadratic 

functional nonlinear integral inclusion (2) if, 

𝑏(𝑡) ≥ 𝑔 (𝑡, 𝑏(𝜑2(𝑡))) (∫(𝑡 − 𝑠)𝑣(𝑠)𝑑𝑠

𝑡

0

)                                       (2.2) 

For all 𝑣 ∈ 𝐿1(ℝ+, ℝ) such that 𝑣(𝑡) ∈ 𝐹 (𝑡, 𝑥(𝜑1(𝑡))) almost everywhere for 𝑡 ∈ ℝ. 

Definition 5.2.3[5]: A solution 𝑥𝑀 of the second order quadratic functional nonlinear integral 

inclusion (2) is said to be maximal if 𝑥 is any other solution of second order quadratic functional 

nonlinear integral inclusion (2) on ℝ+ then we have 𝑥(𝜑(𝑡)) ≤ 𝑥𝑀(𝜑(𝑡))for all 𝑡 ∈ ℝ+.  

Definition 5.2.4 [5]: A solution 𝑥𝑚 of thesecond order quadratic functional nonlinear integral 

inclusion (4.1) is said to be minimal if 𝑥 is any other solution of second order quadratic functional 

nonlinear integral inclusion (4.1) on ℝ+ then we have 𝑥(𝜑(𝑡)) ≥ 𝑥𝑚(𝜑(𝑡))for all 𝑡 ∈ ℝ+.  

We consider the following hypothesis.  

(B4) The function 𝑔 (𝑡, 𝑥(𝜑2(𝑡))) and the multivalued function 𝐹 (𝑡, 𝑥(𝜑1(𝑡))) are strictly 

monotone increasing in 𝑥 almost everywhere for  t∈ ℝ+ . 

(B5) The function 𝑔 (𝑡, 𝑥(𝜑2(𝑡))) is closed and bounded. 

(B6) The second order quadratic functional nonlinear integral inclusion (2) has a lower solution 𝑎 and 

an upper solution 𝑏 with  𝑎 ≤ 𝑏.  

Theorem 5.2.1: Assume that the hypothesis H5-H8and B4-B6 holds then second order quadratic 

functional nonlinear integral inclusion (2) has a minimal and a maximal solution. 

Proof: Let 𝑋 = 𝐶(ℝ+, ℝ) and consider an ordered interval [𝑎, 𝑏]in 𝑋 which is well defined in view 

of hypothesis (B6). Define two operators 𝒜, ℬ: [𝑎, 𝑏] ⟶ 𝒫𝑐𝑝(𝒦) as in (5) and (6).  

We will show that the operator 𝒜 and ℬ are strictly monotone increasing. Let 𝑥, 𝑦 ∈ [𝑎, 𝑏] be such 

that 𝑥 < 𝑦,  

𝒜𝑥 = 𝑔 (𝑡, 𝑥(𝜑2(𝑡))) 
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then by (B4)                           𝑔 (𝑡, 𝑥(𝜑2(𝑡))) ≤ 𝑔 (𝑡, 𝑦(𝜑2(𝑡))) 

𝑔 (𝑡, 𝑦(𝜑2(𝑡))) = 𝒜𝑦 

𝒜𝑥 ≤ 𝒜𝑦 

ℬ𝑥 = ∫(𝑡 − 𝑠)𝑓 (𝑠, 𝑥(𝜑1(𝑠))) 𝑑𝑠 , 𝑓 ∈ 𝑆𝐹,𝑥

𝑡

0

 

ℬ𝑥 ≤ ∫(𝑡 − 𝑠)𝑓 (𝑠, 𝑦(𝜑1(𝑠))) 𝑑𝑠 , 𝑓 ∈ 𝑆𝐹,𝑦

𝑡

0

 

ℬ𝑥 ≤ ℬ𝑦 

Hence the operators 𝒜 and  ℬ are strictly monotone increasing. 

Next, we will show that the operator 𝒜 is compact. Using hypothesis (B5) it is enough to show that 

the operator 𝒜 is bounded. For that let 𝑆 is a bounded set in [𝑎, 𝑏]. For 𝑥 ∈ 𝑆, we have  

‖𝑥‖ ≤ 𝑟 

|𝒜𝑥| = |𝑔 (𝑡, 𝑥(𝜑2(𝑡))) − 𝑔(𝑡, 0) + 𝑔(𝑡, 0)| 

|𝒜𝑥| ≤ |𝑔 (𝑡, 𝑥(𝜑2(𝑡))) − 𝑔(𝑡, 0)| + |𝑔(𝑡, 0)| 

‖𝒜𝑥‖ ≤ ‖𝜑‖‖𝑥‖ + ‖𝑔0‖ 

‖𝒜𝑥‖ ≤ ‖𝜑‖𝑟 + ‖𝑔0‖ 

Hence 𝒜 maps bounded set to bounded set. 

Now we can show that as in the proof of theorem (2.4.2) that  ℬ is completely continuous.  

Let 𝑥 ∈ [𝑎, 𝑏] be any element then by (B6) we have, 

𝑎 ≤ 𝒜𝑎. ℬ𝑎 ≤ 𝒜𝑥. ℬ𝑥 ≤ 𝒜𝑏. ℬ𝑏 ≤ 𝑏 

which shows that                                  𝒜𝑥. ℬ𝑥 ⊂ [𝑎, 𝑏] 

Thus, the operators 𝒜 and  ℬ satisfy all the conditions of theorem (5.2.1) which yields that the 

operator inclusion 𝑥 ∈ 𝒜𝑥. ℬ𝑥 and consequently the second order quadratic functional nonlinear 

integral inclusion (4.1) has maximal and minimal solution. The completes the proof. 

2.6.2 Example of second order quadratic functional nonlinear integral inclusion (4.1) 

Consider the following second order quadratic functional nonlinear integral inclusion of type (4.1) 

𝑥(𝑡) ∈
𝑐𝑜𝑠(3𝑡)

8
(

𝑥(𝜑2(𝑡))

1 + 𝑥(𝜑2(𝑡))
+ 2) [𝐼2𝐹 (𝑡, 𝑥(𝜑1(𝑡)))] 

𝑡 ∈ ℝ+ 

Where 𝐹: ℝ+ × ℝ ⟶ 𝒫(ℝ) is a multivalued map and we have 𝜑1(𝑡) = 𝑡 and 𝜑2(𝑡) = 𝑡2 is 

continuous functiongiven by, 

𝑡 ⟶ 𝐹 (𝑡, 𝑥(𝜑1(𝑡))) = [
|𝑡|5

11(|𝑡|3 + 9)
,

|𝑐𝑜𝑠𝑡|

2|𝑐𝑜𝑠𝑡| + 1
] 

To show hypothesis (H5) is satisfied, 

|𝑔(𝑡, 𝑥(𝑡2)) − 𝑔(𝑡, 𝑦(𝑡2))| = |
𝑐𝑜𝑠(3𝑡)

8
(

𝑥(𝑡2)

1 + 𝑥(𝑡2)
+ 2) −

𝑐𝑜𝑠(3𝑡)

8
(

𝑦(𝑡2)

1 + 𝑦(𝑡2)
+ 2)| 

|𝑔(𝑡, 𝑥(𝑡2)) − 𝑔(𝑡, 𝑦(𝑡2))| ≤
𝑐𝑜𝑠(3𝑡)

8
|𝑥(𝑡2) − 𝑦(𝑡2)| 
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∴ 𝜑(𝑡) =
𝑐𝑜𝑠(3𝑡)

8
 

‖𝜑‖ = 1
8⁄  

To show that hypothesis (H6) satisfied, 

‖𝐹(𝑡, 𝑥(𝑡))‖ = 𝑠𝑢𝑝{|𝑦|; 𝑦 ∈ 𝐹(𝑡, 𝑥(𝑡))} ≤ 1 = ℎ(𝑡) 

‖ℎ‖𝐿1 = 1 

To show that hypothesis (H7) is satisfied, 

𝑟2 >
‖𝑔0‖

‖ℎ‖𝐿1

2

1 − ‖𝜑‖
‖ℎ‖𝐿1

2

 

‖𝑔0‖ = 𝑠𝑢𝑝𝑡∈ℝ+|𝑔(𝑡, 0)| 

= 𝑠𝑢𝑝𝑡∈ℝ+ |
𝑐𝑜𝑠(3𝑡)

8
(

0

1 + 0
+ 2)| 

= 𝑠𝑢𝑝𝑡∈ℝ+ |
𝑐𝑜𝑠(3𝑡)

4
| 

‖𝑔0‖ =
1

4
 

𝑟1 ≤
1

4⁄ . 1
2⁄

1 − 1
8⁄ . 1

2⁄
 

𝑟1 ≤
1

8⁄

1 −
1

16

 

𝑟1 ≤
1

8⁄

15
16⁄

=
1

8
×

16

15
=

2

15
 

𝑟1 ≤ 0.1333 

‖𝜑‖
‖ℎ‖𝐿1

2
=

1

8
.
1

2
=

1

16
= 0.0625 < 1

2⁄  

Since all the conditions of theorem (4.2) are satisfied hence the above problem has a solution on ℝ+.  
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