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Abstract
In the present paper we introduce some new sequence spaces defined by a Musielak-Orlicz function on semi-
normed spaces. We make an effort to study some topological properties and inclusion relations between these
spaces. The study of sequence spaces over n-normed spaces has also been initiated in this paper.
Keywords : Orlicz function, Musielak-Orlicz function, modulus function, paranorm space, sequence space,
n-normed spaces.
1. Introduction and Preliminaries
Definition 1.1 : Let X be a linear metric space. A function p : X — R is called paranorm, if
1) p(x) >0 for all xe X;
2 p(—x) = p(x) for all xe X;
3) p(Xx +y)<p(x) + p(y) for all X, ye X; and
4) if (1p) is a sequence of scalars with pp — p as n— oo and (Ap Xn) is a sequence of vectors

with p(AXp — AX)—>0asn— oo, then p(uXn— uX)—>0asn— .

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and the pair (X, p) is
called a total paranormed space.

It is well known that the metric of any linear metric space is given by some total paranorm,
see Wilansky (1984), Theorem 10.4.2, 183.

Definition 1.2 : An Orlicz function M is a function, which is continuous, non-decreasing and
convex with M(0) = 0, M(x) > 0 for x > 0 and M(X) - o« as X — .

Lindenstrauss and Tzafriri (1971) used the idea of Orlicz function to define the following
sequence space:

Let w be the space of all real or complex sequences x = (xk). Then,

o0
INE {xGw: > M(Mj«n, forall p>0}, (D)
k=1 p
which is called as an Orlicz sequence space. The space ¢, is a Banach space with the norm
o)
IX]| = inf{p>o: > M(M]ﬂ}. Q)
k=1 p

It is shown by Lindenstrauss and Tzafriri (1971) that every Orlicz sequence space 7\,
contains a subspace isomorphic to Zp(pzl). An Orlicz function M satisfies A, -condition if and

only if for any constant L > 1 there exists a constant K(L) such that M(Lu) <K(L)M(u), for all values
of u>0. An Orlicz function M can always be represented in the following integral form :
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X
M(x) = [n(t)dt, ...(3)
0
where n is known as the kernel of M, is right differentiable for t>0, n(0) =0, n(t) > 0, n is non-

decreasing and n (t) > o« ast— oo.
Definition 1.3: A sequence ‘M = (M) of Orlicz functions is called a Musielak- Orlicz

function, see Maligranda (1989), and Musielak (1983). A sequence /N = (Nk) defined by

Nk(V) = sup{|vlu — Mg(u) : u>0}, k=1,2, ... ...(4)
is called the complementary function of a Musielak-Orlicz function M. For a given Musielak-Orlicz
function M, the Musielak-Orlicz sequence space t,, and its subspace h,, are defined as follows :

tyy={X € w: Iy(CAxXx) < oo for some c > 0}, ...(5)

hay={Xx e w: ly(cAx)< oo forall c >0}, ...(6)

where 14, is a convex modular defined by

(A X) :kOEO:l Mk (AkXk), AX = (AXk) €t ..(7)
We consider t,, equipped with the Luxemburg norm
x| = inf{k>0: IM(%J31} ...(8)
or equipped with the Orlicz norm
IIXI° = inf{% >+ Lag(kAx)): k > o} ...(9)

The notion of difference sequence spaces was introduced by Kizmaz (1981), who studied the
difference sequence /., (A), c(A) and co(A ). The notion was further generalized by Et and Colak

(1995) by introducing the spaces 7, (A"), c(A") and co(A" ). Let m, nbe non-negative integers, then for
Zagivensequence space, we have

Z(AN) = {x = (exi) ew s (AT Aexp ) e Z3, ...(10)
for Z=c, Co and £, where ATy 2 x=( AT X )=(AME Lexk— AT A mXkam) and A% AgXy =
AkXk , forall ke N, which is equivalent to the following binomial representation:

n
n
A Mexg= X (D)"Y (Vj Ak-+myXk-+my (1)
v=0

Taking m = 1, we get the spaces /., (A"), c(A") and co(A") studied by Et and Colak (1995).
Taking m = n = 1, we get the spaces /. (A), c(A) introduced and studied by Kizmaz (1981). The
difference sequence spaces were also discussed in Altinok et.al., (2006), Isik (2004), and Tripathy
et.al., (2006). For more details about sequence spaces are [Altinok (2008), Et et.al., (2006), Isik

et.al., (2013), Murasaleen (1983), Musaleen et.al., (1999), Raj et.al., (2010), 2011), Raj and Sharma
(2011, 2011) Savas (2004)] and references therein.
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Let X be a complex linear space and (X, g) be a semi normed space with semi-norm g. By
S(X) we denote the linear space of all sequences x = (AgXk) with  (AkXk)eX and the usual
coordinate wise operations :

aX=(a AkXk)

and X+Yy=(AXk + McYik) (12
for each a €C, where C denotes the set of all complex numbers. A study of sequence spaces 7y, (p,
g, S) on semi normed spaces one can see in Bektas and Altin (2003).

The following inequality will be used throughout the paper. If 0<px<sup px=H, K = max(1, 2"
~1), then

lak +bk|Iok sK{ak‘Pk +|by|PK } for all k and ax, bxe C ...(13)

Also [ay [Pk max(l, |a|H), for all a C.

2. Sequence Spaces on Semi-Normed Spaces efined by a Musielak-
Orlicz Function
Let u =(pk ) beascalar sequence and x e S(X) then we shall write pXx=(pgXg). Let U be the

set of all sequences u = (uk) such that ux= 0, p = (pk) be a sequence of strictly positive real numbers
and M = (M) be a Musielak-Orlicz function. In the present section we define the sequence spaces:

(A, A, U, p, g, 8) =

Pk

o0 n

X € S(X): stle[q[MD] <o, for somep>0and s>0! ...(14)
k=1 p

If we take p = (pk) = 1, for all ke N, then
0 (A, A, U, q,8) =
0 n
X € S(X): Zk{'\/‘k{{w]ﬂ <o, forsomep>0and s>0 ...(15)
k=1 p
If we take s = 0, we have

(A, A, U, p, Q) =

X e S(X): %Oj

Pk
n
Mk[q[%]ﬂ <oo, for some p>0 ...(16)
k=1

If we take p = (px) = 1, for all k and s = 0, we get
M (A Ak, U, Q) =

x eS(X): OZO:
k=1

n
Mk(q(%ﬂ] <oo, for some p>0 ..(17)

If we take s =0, q(x) = [x| and X = C, we have
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0 (AN A, U, p) =

XGS(X):§

Pk
n
M{q[%}ﬂ <oo, for some p>0 ...(18)
k=1

The main purpose of this section is to study some topological properties and some inclusion
relations between the sequence spaces which we have defined above.

Theorem 2.1 : Let M = (M) be a Musielak-Orlicz function and p = (pk) be a bounded
sequence of positive real numbers. Then fm(An A, U, p, q,S) is a linear space over the field of
complex number C.

Proof : Let x = (AkXk), Y = (AkYkK) € KN(ATT] ,A,U,p,Q,8) and a, B € C. Then, there
exist p; >0and pp >0 such that

r Pk
%k—s Mk{q[KkukA%XkJﬂ < oo ...(19)
k=1 P1
r Pk
and ozo:k_s Mk(q(XkaA?nYk }ﬂ < o ...(20)
k=1 P2

Let p3= max(2|a|p1, 2|P |p2). Since M = (M) is non-decreasing, convex and g is a semi-
norm by using inequality (13), we have

o0 n by n Y Pk
Zk—s{Mk{qLUk(GAm kXk +BAm kYk)}H

k=1 P3
< & —s o g AT Ak X BukATAkYk) K
= D KT M| g —K=MEKIK |y g EeKEMERIKS
k=1 P3 P3

r Pk
<SS L s my g UkAAXK || g [l UkAT YK
2Pk P1 P2

Pk
00 n n
< ZkS[Mk o UkAmAXk }Mk(q(ukAm%kyk)Jﬂ

P1 P2

Pk Pk
0 n 0 n
SKZk_S M| g UkAkAmXk +K Zk—s My g UkAkAmYk) .21
k=1 P1 k=1 P2

Thus, ax+ pye 9y (Arﬂn ,A, U, P, Q,S). Hence, 9y (A',‘n A, U,p,q,s)isa linear space.
Theorem 2.2 : Suppose M = (M) is a Musielak-Orlicz function and p = (px) be a bounded

sequence of positive real numbers. Then ¢ M(A’ﬂn A, U, p, q,s) is a paranormed space with the
paranorm defined by
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Pn | »
g(Ax) =infipM | 3k ..(22)
k=1

1

0 Pk \M

Mk{q[M]}:l < LSZO’n :1, 2, 3,
p

where M = max(1, sup, pk).
Proof.

(1 Clearly, g(Ax)>0, for A x=(AxXk)e ﬁm(Arﬂn A, U, p, Q, ). Since, Mg(0)=0, we get g(0) =

0.
(i) g=Ax)=g(rx).

(i) Let Ax=(AkXk)AYy=(AkYK)€E ﬁm(Arﬂn A, U, p, q,S). Then there exist py, p2 > 0 such

that
Pk
0 n
Zk{Mk(q(%Jﬂ <1 (23)
k=1
Pk
00 n
and >k My g UkAmMXk ..(24)
k=1 P2

If p = p1 + p2, then by Minkowskis inequality we have

Anm (k A ) & AT Anmk a

u Xk + S~ u Xk +U

Mk[({ K kXk * MYk JH = E k S{MkL({ kSmEEC "k kyk]]]
k=1

p pL P2

0 n ;\, pk
PLTP2 )k P1

and thus,
1
Pn [ o 0 0 Pk \M
g(x +y) =inf{pM: Zk—s Mk[qﬂukAmkkxwukAm?»kykD <1520,p>0
k=1 P
1
Pk \M
Ph | & n
<inf{(p1)m : Zk{mk(q[%m <1,520,p1 >0
k=1

...(25)
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1
Pk |M
Pn | @ n
<infi(p2)m | Y k™*| My g UkAmMeXk <1,5>0,pp >0
k=1 P2
<g(x) +9(y) ...(26)
(iv)  Finally, we prove that scalar multiplication is continuous. Let L be any complex number,
1
Pn [ o n Pk \M
g(Ax) =infip M| S k7% M| g Uk AmMX <1s>0,n=123,..
k=1 P
1
Pn [ o N Pk |M
= influr M : Zk‘S{Mk(q(Mm <1520,0=123.0 .27
k=1 P

where r = ﬁ. Hence, /9 (Arﬂn ,A,U,p,Q,S) isaparanormed space.
n

Theorem 2.3 :
(i)  LetO<pyx<tk<oo, for each ke N.Then, /9 (AT, A, u,p,q) < L4 (A, %, u,1,q),
(i)  LetO<px<tk<oo, for each keN. Then, 74, (AN %, u,p)< (AN 1, u,0),
i) (AT AL ug) S L (AT, AU, 9),

(v)  Car(Af, A, u,p,a)c £ (A AU, p, g, s).
Proof :

Q) Let Ax = (AkXk)e ! Mm (A% .4, u, p, g, 5). Then, there exists some p > 0 such that

B ) Pk
ZkS[M k(q{MJH <oo, .(28)
k=1 P

n
which implies that MK[Q[MH <1 for sufficiently large value of k, say  k>mg for some
p

fixed mpe N. Since M = (M) is non-decreasing, we get

ty
0 n
st[Mk(q{MD] <oo. .(29)
k=1 p

Thus, we have
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t p

SN e || & s e ||

D KT M| g —KMmEREX < D KT M| g —<—MmEREK <oo ...(30)
k=1 P k=1 P

This shows that A x = (AdXk)e £ a1 (AT 4, U, p, g, 5). Hence, £ (AT A, u,p,q) < £ (

Arﬂn ,A,u,t,q). Similarly, we can prove (ii), (iii) and (iv) in view of (i).

(i)
(i)

(i)

(i)

Pk
& o U A A X X
k=1 P k=1

Corollary 2.4 :
If 0 < pk <1, forall ke N, then £ a7 (AT, A, u,p,q) < £ (A%, % ,u,q).

If px <1, forall KeN, then £ a7 (AT, 2, u,0) = £ a1 (AT, 2, U, p, Q).

Proof :
If we take tx = 1 for all ke N, in Theorem 2.3(i), we get

O (A2, u,p,0) < £ v (AT 14, U,0) ..(3D)
If we take px = 1, for all ke N, in Theorem 2.3(i), we get

0 (AN %, u,9) £ (A%, 2, U, p,Q) ...(32)

Theorem 2.5 : The sequence space is ¢ gy (AN %, u, p, g, S) is solid.
Proof : Let Ax = (AXk)e £ (AN, %, u,p,q,9) e,

B . Pk
Sk Mk(q[wm < ..(33)
k=1

Let(ak ) beasequenceofscalarssuchthat|ay |<1, forall ke N. Thus, wehave

N Pk
Mk[q{%]ﬂ <o ...(34)

This shows that (agAkXk)e £ M (Arr‘n A, U, p,q,s), for all sequences of scalars (o ) with |

ak |£1, for all ke N whenever (AgXk)e E:M(A?n ,A,U, p,q,s). Hence, the space E:M(A?n AL U, P,

g, S) is a solid sequence space.

(i)
(i)

Theorem 2.6 : The sequence space / g (Arﬂn , A, U, p,q, S) is monotone.

Proof : The proof is trivial so we omit it.
Corollary 2.7 :

Let jux|<1 for all ke N. Then ¢ g4 (AT %, p,q. S) < £ g (A 2, U, P, 0, S).

Let jux|>1 for all ke N. Then £ gy (AT, &, U, p. 0, S)= £ a1 (AT, A, .0, S).
Proof : It is obvious.

3. Sequence Spaces defined by a Musielak-Orlicz Function Over n-Normed

Spaces

In this section we define some sequence spaces defined by a Musielak-Orlicz function over n-
normed spaces. We also study some topological properties on these spaces. The concept of 2-normed
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spaces was initially developed by Gahler (1965) in the mid of 1960’s, while that of n-normed spaces
can be found in Misiak (1989). Since, many others have studied this concept and obtained various
results, see Gunawan (2001, 2001) and Gunawan and (Mashadi) (2001).

Let neN and X be a real vector space of dimension d, where n>d. A real valued function

Il-,.....]| on X" satisfying the following four conditions:

(1)  |[X1, X2, ..., xn|| = 0 if and only if X1, X, ..., xn are linearly dependent,

2 X1, X2, ..., xp|| is invariant under permutation,

3) o X1, X2, ..., Xn|]| = o] [[X1, X2, ..., xn|| fOr any o eR and

4) X + X", X2, ..., Xn||<|IX1, X2, ..., Xn|| + || X", X2, ..., xn|| Is called an n-norm on X, and the pair

(X, ||----».) is called an n-normed space.

For example, we may take x = R" being equipped with the n-norm ||x1, X2, ..., Xn||e = the volume
of the n-dimensional parallelepiped spanned by the vectors xi1, X2, ..., xn which may be given
explicitly by the formula

X1, X2, ..., Xn|lE :‘det(xi,jl ...(3%5)

where X; = (Xi1, Xi2, ..., Xin)eR" for each i = 1, 2, ..., n and E denote the Euclidean norm. Let (X,
II.,-....][) be an n-normed space of dimension d>n>2 and {ay, a, ..., an} be linearly independent set
in X. Then, the following function ||.,...,.||e on X"~ defined by

[[X1,X2, ..., Xn — 1] o0 = mMax{|[X1,X2,...,Xn-1, &l| :1=1,2, ...,n} ...(36)
defines an (n — 1) norm on X with respect to {ai, ay, ..., an}.

A sequence (xk) in an n-normed space (X, ||.,...,.) is said to converge to some Le X in the n-

normif lim || AkXk—L,21,...,Z2n_1] =0, forevery zy, ..., zn_1e X.
k—o

A sequence (xk) in an n-normed space (X, ||.....,.||) is said to be Cauchy with respect to the n-norm

it lim || Axk —xpxp,zl, . Zn_1|l=0, forevery zy, ..., zn_1e X.
K,p—o0
If every Cauchy sequence in X converges to some L e X, then X is said to be complete with
respect to the n-norm. Any complete n-normed space is said to be n-Banach space.
In this section we define the sequence space:

o (A 2, U, Py e

U AT AKXk

Pk
Z1,.. Zn_1 J <o, forsomep>0; ...(37)

= <x e S(X): i Mk[
k=1

Theorem 3.1 : Let M = (M) be a Musielak Orlicz function and p = (pk) be a bounded
sequence of positive real numbers. Then ¢ 9y (A',‘n A, U, P, .- ....]]) is a linear space over the field of
complex numbers C.

Proof : Let AXx = (AkXk)Y = (AkYK)e E:M(A?n AU, P, |.s-..o.]]) @and o, B €C. Then there
exist positive numbers p1 and po such that
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& ukAn Ak Xk Pk
D [ M| [FEEmEEEK 7, Z2n < o ...(38)
k=1 P1
1Pk
0 n
and S [ My [URAmARYK 5 ..(39)
k=1 P2

Let p3 = max(2|a|pq, 2|B|p2). Since M = (M) is nondecreasing convex function, by using

r

00 n n
-y ,wk[<1UkAnﬂka1ZL"”Zn1+BUkAnﬂkyk .

inequality (13) we have

1r Zn-1

EE M ”UkA%Ka%ka+B%ka),z
k=1 P3

r

1 Zn—1
k=1 P3 pP3
r Pk
Q0 n
<K z L Mk M’ Zl""’ Zn—l
k=12PK| P1
< 1 Amh Pk
+ K _Mk Ukmkyk’Z, 'Zn—l
k—1 2Pk P2
Pk
Q0 n
< K Z L Mk M’ Z]_,..., Zn—l
k1 2Pk P1
Pk
2 1 UK AT
+K pk{Mkm k2K 70 zna || <0 40
k=12 L e
Thus, ax+Bye £ (AN, A, wp,|.......][). Therefore,? pq (AT, AU, P, |l.....][) is a linear
space.
Theorem 3.2 : If M = (My) is a Musielak-Orlicz function and p = (px) be a bounded
sequence of positive real numbers, then ¢ 4, (A'Pn AU, P, -,.]]) 1s @ paranorm defined by
1
M| w 0 Pk \m
g(Ax)=inf<p M - Z Mk{ M, 21,y anJ <L, n=123 ..; ...(41)
k=1

where M = max(1, supk pk)-
Proof :

International Research Journal of Management Science & Technology
http: //www.irjmst.com Page 19



http://www.irjmst.com/

IRIMST Vol 17 Issue 4 [Year 2026] ISSN 2250-1959 (Online) 2348 —9367 (Print)

Q) Clearly, g(Ax)>0 for Ax=(AxXk)e ¢ M (A% A wp,l.s-....|]). Since Mk(0) =0, we get g(0) =
0.
(i) 9C=Ax)=g(1X).
(i)  Let AX=(AkXk), LY =(AkYKk)E ‘M (A’Rn A, |l.,.....]]). Then there exist pp, pp > 0 such
that
Pk
Q0 n
S My [URAmARXK 5] < ..(42)
k=1 P1
Pk
Q0 n
and S My [URAmARXK 5] < .(43)
k=1 P2

If p=p1 + pp, then by Minkowski’s inequality, we have

o AL Pk ALy Pk
u X u X
3 Mg —kEmkEK 70 zpg =3 | Mg k+“,21,---, Zn1
k=1 p k=1 pP1TP2
Pk
o0 n
< P1 Z Mk M1 Zl""’ Zn—l
PLFTP2 =1
o0 n
+ P2 Z M M,Zl,..., Zn1
PL+P2 P2
and thus,
1
i Pn | = ‘uAkx+uAky Picjm
g(Ax+ Ly) =inf Prep)M | Y [ My kAmMXk +UkBmAYk 50
k=1 ‘ p1+p2
1
Pk m
Pn [e’e) n
i Ve Uk AmAkX
< inf P M : Z { kAmAk k’zl’_“, Zn—l}
k=1 P1
1
Pn | w n Pk \m
i UgAmA
+inf{(pg) M : Z [k';—zkykzl zn_l] <G *+ely)  .(49)

Pk
H <1 ..(44)

Finally, we prove that scalar multiplication is continuous. Let X be any complex number
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1
Pn o n Pk \m
g(}\,x):inf pM : Z Mk{mlzl, ’Zn_]-}
k=1 P
1
p7n % n Pk \m
Sinfl UM | 3 | my| [URAmAK 5 ...(46)
k=1 P
where r = ﬁ . Hence, 7 9y (A?n ,Aup,l).,.....|) is a paranormed space.
1

Theorem 3.3 : The sequence space ¢ g (Arﬂn AL, P, |- .0e]) 1S solid.

Proof : Letx = (xi) e £ a1 (AN, %, u, P, ||-s-....]|)- Then,

Pk
J < o ...(47)

Let(ak ) beasequenceofscalarssuchthat|ay |<1,for all ke N. Thus, wehave

. Pk Pk
D Ml{ ] <y Mk{ ] ...(48)
k=1

k=1
This shows that (akAkXk)e Em(Arﬂn A, u, p, |[-..,.]|) for all sequences of scalars (o)

U AT AKX K
P

o0
Z Mg Z1,. Zn

k=1

URAT XK
p

ok UKAT AKXk
p

, Zl,..., Zn_]_ , Zl,..., Zn—l

with |ay |<1. Hence, the space ¢ 9y (AT A, 1w, P, [[.se....]) is a solid sequence space.

Theorem 3.4 : The sequence space / g (Ar,‘n A, u,p, ||.,...».||) is monotone.

Proof : The proof is trivial so we omit it.
4. Applications of Sequence spaces

(a) Applications of Sequence Spaces in Matrix Theory : The theory of sequence spaces
and their matrix maps has made remarkable advances in eneveloping duality theory via unified
techniques effecting matrix transformation from one sequence space into another. Thus, we have
several important applications of the theory of sequence spaces. Apart from this, the theory of
sequence spaces is powerful tool for obtaining positive results concerning Schauder basis and their
associated type. Mathematicians, like Cesaro, Borel, Norlund, Reisz and others have studied the
general theory of matrix transformations motivated by special and classical results in summability
theory. On the other hand, in most cases the general linear operators on one sequence space into
another is actually given by an infinite matrix. The well-known German Mathematician O. Toeplitz,
first observed in 1911, that the technique of linear space theory can be used to characterize matrix
transformations, Later, the Banach-Steinhaus theorem and related results became useful tools in
dealing with such problems.
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(b) Applications of Squence Spaces in Biomathematics : The relationship between
sequences and binding properties of an aptamer for immunoglobulin (IgE) can be investigated using
custom DNA microarrays. Single, double and some triple mutations of the aptamer sequence can be
created to evaluate the important of specific base composition on aptamer binding. The functional
sequence spae can be represented as a rugged landscape with sharp peaks defined by highly
constrained base composition for more details see Katillius et al., (2007). One more interesting
application is an Analysis of Peptides from known Proteins Clusterization in Sequence Space. A
combinatorial sequence space (CSS) can be introduce to represent sequence as a set of overlapping
K-tupples of some fixed length which correspond to a point in CSS. In Strelets et al. (1994) analyse
clusterization of protein sequences in the CSS and to test various hypothesis about possible
evolutionary basis of this clusterization. Possible applications of sequence spaces were also
discussed in Strelets et al., (1994).

5. Conclusion

In this paper we have constructed some new sequence spaces defined by a Musielak-Orlicz
function over semi normed spaces. We have also made an attempt to introduce some sequence spaces
over n-normed spaces. We have studied some topological properties and interesting inclusion
relations between these sequence spaces. The solutions obtained are potentially signifiacant and
important for the explanation of some practical physical problems. The method may also be applied
to other sequence spaces.
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